Abstract. A derivation δ on a C * -algebra has kernel stabilization if for all n ∈ N, ker δ n = ker δ. Our main result shows that a weakly-defined derivation studied recently by E. Christensen has kernel stabilization. As corollaries, we (1) show that a family of * -derivations on C * -algebras studied by Bratteli and Robinson has kernel stabilization and (2) provide sufficient conditions for when operators satisfying the Heisenberg Commutation Relation must both be unbounded.
Introduction
Given an algebra A with involution and a fixed element a ∈ A such that a = a * , the map δ a : A → A by δ a (b) := [ia, b] (where [x, y] = xy −yx) is a * -derivation, that is, δ a (b * ) = δ a (b) * for all b ∈ A. Conversely, for an arbitrary * -derivation δ : A → A, certain conditions on the algebra can imply δ = δ a for some a ∈ A. The correspondence between derivations on algebras and their representation as commutators has a rich history and is deeply connected to the mathematical formulation of quantum mechanics.
We focus on two settings. The first is when A = B(H), the set of bounded linear operators on a Hilbert space H, and we examine a * -derivation on B(H) defined by commutation with We give two applications of our main result. The first application extends the property of kernel stabilization to a class of unbounded * -derivations on C * -algebras considered by Bratteli and Robinson in [1] . This class of derivations is described in the following theorem. Theorem 1.1 (Bratteli-Robinson, Theorem 4 [1] ). Let δ be a derivation of a C * -algebra A, and assume there exists a state ω on A which generates a faithful cyclic representation (π, H, f ) satisfying ω(δ(a)) = 0, ∀a ∈ dom δ. Then δ is closable and there exists a symmetric operator S on H such that dom S = {h ∈ H : h = π(a)f for some a ∈ A} and π(δ(a))h = [S, π(a)]h, for all a ∈ dom δ and all h ∈ dom S. Moreover, if the set A ∞ of analytic vectors for δ is dense in A, then S is essentially self-adjoint on dom S. For x ∈ B(H) and t ∈ R, define α t (x) := e iSt xe
−iSt
where S denotes the self-adjoint closure of S. It follows that α t (A) = A for all t ∈ R, and {α t } t∈R is a strongly continuous group of automorphisms with closed infinitesimal generator δ equaling the closure of π • δ| A ∞ .
Physically, we interpret ω as a mixed state of the quantum system whose observables lie in A. Also, we interpret the condition ω(δ(x)) = 0 for all x ∈ dom δ as saying ω is an equilibrium state for the system. For more details, see the introduction of [2] . We state our application formally below. Application 1. Let A be a C * -algebra, δ a derivation on A, and ω a state on A which satisfy the hypotheses of Theorem 1.1. For every natural number n, ker δ n = ker δ.
As a second application of our main result, we provide sufficient conditions for when two operators satisfying the Heisenberg Commutation Relation must both be unbounded. Definition 1.2. Let A and B be two (possibly unbounded) self-adjoint operators on a Hilbert space H, with domains dom A and dom B, respectively. We say A and B satisfy the Heisenberg Commutation Relation if there is a dense subspace K of H satisfying
The classical example of such a pair is the Schrödinger pair, which we define in Example 4.8. Both operators are in this pair are unbounded. A large body of research has been committed to finding sufficient conditions for when two operators satisying the Heisenberg Commutation Relation must be unitarily equivalent to a direct sum of copies of the Schrödinger pair. One of the most famous results is the following: Theorem 1.3 (Dixmier, [6] ). Suppose A and B are closed symmetric operators on a Hilbert space H, and K is a dense subspace of H that is contained in dom A ∩ dom B and is invariant under A and B. If A and B satisfy the Heisenberg Commutation Relation on K and the restriction of A 2 + B 2 to K is essentially self-adjoint, then A and B are unitarily equivalent to a direct sum of copies of the Schrödinger pair.
If two operators are unitarily equivalent to copies of the Schrödinger pair, then they too must be unbounded. However, there exist examples, one of which we provide in Example 4.9, of two operators satisfying the Heisenberg Commutation Relation where one is bounded and the other is unbounded. Our result yields sufficient conditions for when two operators satisfying the Heisenberg Commutation Relation must both be unbounded without showing the two operators are unitarily equivalent to copies of the Schrödinger pair. Here we outline the rest of the paper. Section 2 is devoted to providing background and summarizing some of Christensen's results from [4] and [3] . In Section 3, we prove our main result, and in Section 4, we prove our applications.
Background and Examples of Weak D-differentiability
Let D be a self-adjoint operator with domain dom D ⊆ H. For any t ∈ R, the operator e itD is unitary, and the one-parameter family {e itD } t∈R is strongly continuous. For x ∈ B(H) and t ∈ R, define α t (x) := e itD xe −itD . Then {α t } t∈R defines a flow on B(H), and more specifically, is a one-parameter automorphism group on B(H). While the infinitesimal generator of this automorphism group is a natural derivation on B(H) to consider, we focus instead on a related derivation with a larger domain.
Equivalently, for every h, k ∈ H the function t → α t (x)h, k is continuously differentiable.
Theorem 2.2 (Christensen, 3.8 [4] ). Let x be a bounded operator on H. The following properties are equivalent:
(ii) There exists y ∈ B(H) such that for every h ∈ H,
(iii) There exists c > 0 such that for all t ∈ R, 
Proposition 2.5 (Christensen, 2.6 [3]). A bounded operator x on H is n-times weakly Ddifferentiable if and only if for any pair
Analogous to Theorem 2.2, Christensen shows in [3] that higher order weak D-differentiability is directly tied to iterated commutators [iD, ...,
Theorem 2.7 (Christensen, 4.1 [3] ). Let x ∈ B(H) and n be a natural number. The following are equivalent:
k times is defined and bounded on
k times is defined and bounded on X.
Notation 2.8. For notational convenience, we define
We now present the motivating example for Theorem 3.5. Given a σ-finite measure space (X, µ), define diag :
. Throughout, we denote the standard orthonormal basis for ℓ 2 (Z) by {ǫ j : j ∈ Z}, and we denote the matrix representation of an operator x ∈ B(ℓ 2 (Z)) with respect to the standard orthonormal basis by [x rc ] where
with dense domain dom D k extends to a bounded operator on ℓ 2 (Z). When either condition is satisfied,
Proof. (a) See Example 7.1.5 of [11] .
(b) Matrix multiplication shows for any r, c ∈ Z,
7 states x is n-times weakly D-differentiable if and only if for every
extends to a bounded matrix on all of ℓ 2 (Z). By Theorem 2.7, the closure (δ 
n x rc = 0 for every r, c ∈ Z. If r = c, it must be that x rc = 0, i.e., x must be zero off the diagonal. As x ∈ B(ℓ 2 (Z)), we conclude x ∈ diag(ℓ ∞ (Z)). Therefore, ker(δ
This kernel stabilization phenomenon initially appears unique to the setting of Example 2.9; the self-adjoint operator is multiplicity-free (the von Neumann algebra generated by its spectral projections is a maximal abelian self-adjoint subalgebra of B(ℓ 2 (Z))) and its eigenvectors constitute our choice of orthonormal basis. In Section 3, we show our example is not unique; kernel stabilization holds for every self-adjoint operator on any Hilbert space.
Kernel Stabilization of δ D w
In this section, we show for any self-adjoint operator D on a Hilbert space, ker(δ
for all n ∈ N. We call this property kernel stabilization. 
Proof. Let B(R) denote the bounded Borel functions on R, and for each R ∈ R, define id R : R → R by id R (t) = t whenever −R ≤ t ≤ R and id R (t) = 0 otherwise. The spectral theorem, stated as in Theorem 7.2.8 [11] , provides a bounded Borel functional calculus for D, that is, a
and
Therefore, P h ∈ dom D, and as h ∈ dom D was arbitrary,
h for all h ∈ dom D, and as P ∈ P D was arbitrary, this equality holds for any spectral projection of D. Then, by Theorem X.4.11 [5] , xf (D) ⊆ f (D)x for any f ∈ B(R). In particular, when f = χ E for some Borel subset E ⊆ R and P denotes the corresponding spectral projection for D, xP = P x. Hence, x commutes with all projections in P D , and as M D is generated as a von Neumann algebra by these projections, it follows that
Thus, α t (x) = e itD xe −itD = x for all t ∈ R. In particular, for any h, k ∈ H, the function t → α t (x)h, k = xh, k is constant, and thus is continuously differentiable with derivative 0. Therefore, x ∈ ker δ D w .
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We now present our main result. 
We proceed by induction on n. The case when n = 1 is vacuous. Suppose ker(δ 
Applications of Theorem 3.5
The first application of Theorem 3.5 is in the context of Theorem 1.1. We first define the derivation δ D u , which is simply the infinitesimal generator δ for the one-parameter automorphism group given by α t (x) := e itD xe −itD for each t ∈ R. 
Example 4.8. The classical example of a pair satisfying the Heisenberg Commutation Relation is the Schrödinger pair, the quantum mechanical position operator Q and momentum operator
and, for g ∈ dom Q, define (Qg)(x) = xg(x) for a.e. x ∈ R. It is shown in Example 7.1.5 of [11] that Q defines a self-adjoint operator. If a function f is absolutely continuous, denote its almost-everywhere defined derivative by f ′ . Now, let dom P = {f ∈ L 2 (R) : f is absolutely continuous and f ′ ∈ L 2 (R)}, and for h ∈ dom P , define P h := ih ′ . It is shown in Theorem 6.30 of [13] that P defines a self-adjoint operator. Let S(R) denote the Schwartz space on R, that is,
Proposition X.6.5 of [5] shows S(R) is dense in L 2 (R), and it is clear from its definition that S(R) is contained in dom Q ∩ dom P and is invariant under both Q and P . Hence, S(R) ⊆ dom [P, Q]. Furthermore, [P, Q]g = ig for all g ∈ S(R). Therefore, P and Q satisfy the Heisenberg Commutation Relation.
If two operators are unitarily equivalent to a direct sum of copies of the Schrödinger pair, then they are certainly both unbounded. There are, however, examples of operators satisfying the Heisenberg Commutation Relation where one operator is bounded. 
For g ∈ dom A, define Ag = ig ′ . Example X.1.12 of [5] shows the operator A with this particular domain is self-adjoint. Due to boundedness of B, 
